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Abstract

An analytical method has been developed for two-dimensional inverse heat conduction problems by using the
Laplace transform technique. The inverse solutions are obtained under two simple boundary conditions in a finite
rectangular body, with one and two unknowns, respectively. The method first approximates the temperature changes
measured in the body with a half polynomial power series of time and Fourier series of eigenfunction. The expressions
for the surface temperature and heat flux are explicitly obtained in a form of power series of time and Fourier series.
The verifications for two representative testing cases have shown that the predicted surface temperature distribution is
in good agreement with the prescribed surface condition, as well as the surface heat flux.
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1. Introduction

A procedure to solve Inverse Heat Conduction
Problems (IHCP) is to derive surface heat flux and
temperature from temperature changes inside a solid.
The method proves to be very powerful and useful when
a direct measurement of surface heat flux and tempera-
ture is difficult, due to severe working conditions, such
as those in space vehicle atmosphere re-entry, in acci-
dents involving coolant breaks in the plasma-facing
components, and in the quenching of a high temperature
surface. Recently, the IHCP has been numerically trea-
ted and extended to multiple dimensions with the help of
the development of computer technologies related to
software and hardware and the improvement of com-
puter capability. For example, Hsieh and Su [1] and Bell
[2] employed a differential method; Lithouhi and Beck
[3] employed a finite element method and Shoji and Ono
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[4] employed a boundary element method, to formalize
two-dimensional IHCP. Moreover, Huang and Tsai [5]
carried out an analysis to arbitrary boundary condition
estimation inverse problems by using the conjugate
gradient method. The numerical computation, although
it may be efficient in achieving the inverse result, can not
supply us with enough information to understand the
characteristics of the solution and the effect of the in-
fluencing factors. The characteristics of inverse solution
for IHCPs and different approaches are reported [6,7].
Compared to the numerical computation method,
analytical methods to IHCPs could be applied only to
samples with simple geometrical configurations [8-10],
for which the solution may be simple and explicit.
However, they still attract us greatly due mainly to two
important aspects: (1) the characteristics of the whole
solution can be grasped easily; and (2) the time needed
for calculation is rather short. Using the Laplace
transform technique, Imber [9] proposed an approxi-
mate solution in two-dimensional cylindrical geometry,
which, unfortunately, is of low accuracy and therefore
not for practical applications. More recently, with the
same technique and a half polynomial power series of
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Nomenclature

A; coefficients in Eq. (7)

a thermal diffusivity

B; coefficients in Eq. (7)

by coefficients in Eq. (8)

C; coefficients in Eq. (6)

¢; coefficients in Eq. (8)

Ci, €, C, C, coefficients in Eq. (3)

DE",{) coefficients for approximating measured

temperature variation in Eq. (9)

Gj(lk) coefficients in Eq. (18) for set 1

GS}{"‘) coefficients in Eq. (19) for set 2

H;}g coefficients in Eq. (22) for set 1

ngl,;m) coefficients in Eq. (23) for set 2

f(&n,,7) function for approximating temperatures
on a line n =1,

L aspect ratio (= L,/L,)

L, length of a solid in x direction

t~

~

length of a solid in y direction
eigenvalue (m; = jm)

constant (= iy /s + m?

degree of approximate polynomial with time
degree of eigenvalue

order of significant figure

Laplace operator (s = —(m} + 7))
temperature

dimensional time

representative temperature

spatial coordinates

dimensionless heat flux

dimensionless temperature (7/T;)
dimensionless time (= at/L?)

dimensionless time lag

dimensionless distance in x direction (x/L,)
dimensionless distance in y direction (y/L,)

3
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S
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time in measured temperature approximation, Monde
and Mitsutake [10] proposed an approximate solution
for one-dimensional IHCP, which predicts the surface
temperature and heat flux with high accuracy. Com-
pared to the conventional analytical method, the Monde
[10] solution is advanced in both stability and reduction
in minimum predictable time.

The above Monde solution [10] has also been suc-
cessfully applied to the measurement of thermal diffu-
sivity [11]. Compared to the conventional method, in
which measurement accuracy is strongly affected by a set
boundary condition, the measurement using the inverse
solution possesses an advantage that it is independent
from the set boundary condition and thereby, is very
easy to handle.

On the base of the same method as that used in
Monde one-dimensional IHCP solution [10], this paper
extends the method to two-dimensional systems. Ana-
Iytical inverse solutions are sought for two simple cases.
The method is verified by two simple cases on its ap-
plicability and main characteristics.

2. Formulation of two-dimensional inverse heat conduction
problems

For a homogeneous rectangular sample, the mathe-
matical formulation of the two-dimensional heat con-
duction problem can be written in a dimensionless form
as
o0 %0  ,0%0 .

L — 1 1 1
o2 o 0<é<l, 0<n< (1)

2.1. General solution for the two-dimensional unsteady
heat conduction for two simplest sets of boundary
conditions

Assuming a uniform initial temperature (6 = 0) and
applying the Laplace transform to Eq. (1), we obtain in
subsidiary form as

0,00
aéﬁLza—nfse:o 2)

A general elementary solution is [12]

0(¢,n,5) = {C| cos(mé) + Cysin(mé) }
x {C}cos(nn/L) + Cjsin(nn/L)} (3)

where m and n are eigenvalues to be determined and
satisfy the relation m* + n* = —s. C}, C, C} and C, are
integral constants which depend upon the boundary
conditions; therefore, four individual boundary condi-
tions are needed, on the four surfaces. To simplify the
question, we only consider two simplest boundary sets.

Boundary set 1. As shown in Fig. 1, three surfaces are
adiabatic and only one surface boundary condition is
left unknown, which corresponds then to the THCP so-
lution under analysis:

00

6_5:0 at{=0and (=1 (4a)
a—_*0 tn=1 (4b)
on an=
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Fig. 1. Illustration of the B.C in the boundary set 1.

Boundary set 2. As shown in Fig. 2, surfaces at ¢ = 0
and ¢ = 1 are adiabatic and two boundary conditions on

surfaces n = 0 and # = 1 are unknown:
00
6—670 at ¢=0and ¢ =1 (5)

General solutions for the two boundary sets are given
in subsidiary form by Egs. (6) and (7), respectively.

9(6, n,s) = zoo: C; cos(m;&) cos { % (1- n)} (6)

=0
s) = zoo: cos(m;&){A; sin(n;(n —n,)/L)

+ Bjcos(n;(n —m,)/L)} ()

where m; (= jm) are the eigenvalues to satisfy Eq. (4a) or
(5), cos(m;&) are the corresponding eigenfunctions. Each
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Fig. 2. Illustration of the B.C in the boundary set 2.

value of n; is determined from the relation of m} +
n; = —s. The unknown constants C; in Eq. (6) are
determined using the temperature distribution measured
on one line (y = ;) inside the solid (Fig. 1), whereas the
constants 4; and B; in Eq. (7) are determined by the
measured temperatures on two different lines (5 =,
and 5 = n,) inside the solid (see Fig. 2).

In general, the boundary set 2 is more commonly
encountered in practice than the boundary set 1. The
reason the boundary set 1 is discussed is that the number
of the measuring points can be reduced by half, which is
important in practical measurements. Although in the
boundary set 2, there are two unknown boundary sur-
faces, we are interested on study only one of them;
therefore, the inverse solution will only be derived for
the surface of n = 0.

One of the most important characteristics of the
IHCP is that the first measuring line (1 = #,) should be
positioned as near as possible to the unknown boundary
surface, to ensure that any disturbance occurring on
the unknown boundary surface can be sensed in time. If
the first measuring line (3 = n,) is too far away from the
unknown boundary surface, it becomes impossible to
sense any delicate surface disturbance and consequently
results in a wrong IHCP estimation. How the positions
of the measuring lines influence inverse solution will be
discussed later in detail.

2.2. Approximate equation depicting temperature re-
sponses on lines n, and 1,

In order to determine the constants C;, 4; and B; in
Egs. (6) and (7), we need to formulate the measured
temperature at the lines # = n, and # = n,. As shown in
Eq. (8), the temperature variations with coordinate of ¢
and time of t are expressed in forms of eigenfunction
cos(m;¢) and half polynomial series, respectively.

N (n)
by
&t E c¢;cos(m;€) E T2+ (t—1 )k/z

k=t

(8)

where ¢; and b,({") are coefficients, and I' is the gamma
function [10]. The time, 7}, is a time lag, determined
from erfc(y,/(2/7;)) = min(0), which is the readable
minimum division of temperature in temperature-
measuring instrument.

There are two main reasons to adopt the form of half
polynomial series of time: (1) the general solution of the
heat conduction problem is dependent on the square of
time; (2) one-dimensional IHCP using the form of half
polynomial series of time has obtained the temperature
approximation with good accuracy.

Naturally, one may expect the coefficients in Eq. (8),
ie., ¢; and b,(c”), could be determined separately by using,
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for example, the mean least squares method. However,
since c and 7 are not orthogonal system, the values of ¢;
and b on two-dimensional regression plane of ¢ and t©
cannot be separately determined. To alleviate this diffi-
culty, we 1ntroduce coefficients D™ e which is defined as
D! k) =¢ b , to substitute the coefﬁments c¢; and b(" Eq.
(8) then is rewrltten as

(n)

D
£ — E § e «\k/2
f(g7 My T) = — cos mj k/2 + ) (T - Tn)

©)

where subscripts j and k in Dﬁ"k) represent the coefficients
related to eigenvalues and the order of the half poly-
nomial series of time. The superscript (n) represents the
coefficients are derived from the measured temperature
on line 5, or #,.

The increase in both numbers of eigenvalue, N;, and
the half polynomial series, N, mathematically makes Eq.
(9) approach to the measured temperature better on ¢
and 7 coordinates [13]. However, the measured temper-
atures always include some error that hinders Eq. (9) to
uniformly approach the measured ones with increasing
the numbers of j and k. In one-dimensional case, the
number of N was recommended to be smaller than 8,
namely N < 8, in which good accuracy of the estimation
was guaranteed [10]. Therefore, the number of N smaller
than 8 is employed in this analysis. On the other hand,
the number of eigenvalue N; is also limited by the un-
certainty in measurement and the number of the mea-
suring points, which will be discussed later.

Procedure to determine the values of D from the
measured temperature usually employs ledst mean
square method, which is explained in Appendix A. Ap-
plying this procedure to the temperatures measured at
the lines 7, and #,, respectively, we can determine each
set of the coefficients Djak) and Dj<2k) . Then performing the
Laplace transform in Eq. (9), we get

N; §
f(Em,,s)=e" Z cos(m;¢) ZD /52D,
Jj=0 k=0

n=12 (10)

2.3. Surface temperature calculation

Applying Eq. (6) to line ; and Eq. (7) to the lines 7,
and 1,, setting them equal to Eq. (10), and using the
orthogonal property of cos function, we can determine
coefficients C; in Eq. (6), 4; and B; in Eq. (7).

For the boundary set 1,

—stt NV (1) (k/241)
ey oD /
S GTIET (1

For the boundary set 2,

e =% Z D(2/ (k/2+1)

Aj - COS"/(ﬂz ") (12)

e T ZN D(l)/ (k/241)

) (13)

B, =
cos /(’11

J

After these manipulations, we can finally express the
solutions for the temperature change inside the solid
(including boundary surfaces) as

For the boundary set 1,

- i cos(m;&)cos { % (1 —n)}

= cos {2 (1—n)}

N
% ZD /s (k/2+1) (14)
k=0

0(¢,n,s)

For the boundary set 2,
0(¢.n,s)
)

el i s sin((n/2) (1, = )]
B D s

os(m;<)

cos(m;&)

o2
—sT5 5 Zi{v:O N//Tiw Sin{(nf/l‘)(rll - 1’])}

- ° Z sin{ (/L) (01, — 1,)}
(15)

Substitution of n; = i,/(s 4+ m?}) into cos(n;/L) and

sin{n;/L(n, — )} turns them into cosh[ (s—i—mjz.)/L]
and isinh[,/(s—kmjz-) /L], respectively. Taking into ac-

count these relations and setting 7 = 0 in Egs. (14) and
(15), we can obtain the surface temperature (3 = 0) as

For the boundary set 1,

s+m?
N cos(m,-g”)cosh( 7 ’)

0.(E,s) =e >
=0 cosh{ Vil L (1 —111)}

> Dl ) (16)
=0

For the boundary set 2,
0.(¢.s)
et ismh{( s+ m; /L>172}c0sm5) Dj<1k>

j=0 s1nh{ (\/er—m ) } L s(k/2+1)
N smh{<\/s—i-7 ) }cos (m;&) v DEZ/{)
j=0 nh{ <\/s—|—7 > } o sk/2+1)

(17)

=€

\\

*
A‘[z
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Expanding the hyperbolic functions in Egs. (16) and
(17) in series around s =0, and then performing the
inverse Laplace transform of the resulting expressions,
we can get the unknown surface temperatures

For the boundary set 1,
N GEI,() cos(m;&)

— 33 m(r - TT)k/Z (18)

NN (2,1
/ G2Y cos(m )
_ Jk ( ]é) (_L__T;)/»/Z (19)
e Tk/2+1)
The detailed procedures to calculate the coefficients

of ij, Gﬁ.}k’z) and Gfk‘” in Egs. (18) and (19) are given in
Appendix B.

2.4. Surface heat flux calculation

By differentiating Eqs. (14) and (15) with respect to 7,
the heat flux in 5 direction can be derived and then the
surface heat flux is obtained by setting n = 0.

For the boundary set 1,

N

5»1/(575) = eiﬁ; Z

Jj=0

s n12 s m2
o cos(m;¢) sinh (—m)

L L

cosh{ \/sL:m‘fz(l - 11,)}

N
x 3D st (20)
k=0

For the boundary set 2,

D, (E,5) =0 Z

s+mf/Lcosh{( s+m‘%/L>’72}
sinh{( S+m?/1~)(’72*'1|)}

v plY) .
<3 St coslm) e
N s+m}/Lcosh{( s+m,2-/L)'71}
=0 sinh{( s+m/2~/L) (1, —’11)}

N D(Zk)
x>y SW—;H) cos(m;¢) (21)
k=0

X

In the same way that we derived the surface tem-
perature, in achieving the surface heat flux, we also need
to expand the hyperbolic functions in Egs. (20) and (21)
in series around s =0, and then perform the inverse
Laplace transform. The unknown surface heat fluxes are
finally expressed as

For the boundary set 1,

1)
/i H( cos(m

0en -3 S et @

=0 k=1

For the boundary set 2,

ZZ - kj;’s_ﬁ’" (-5 (23)

The detailed manipulations to calculate coefficients

H/(L s H] Y Y and Hﬁ"l) in Egs. (20) and (21) is presented in
Appendix B.

For the boundary set 2, the temperature and heat flux
distribution at # = 1 is out of our interest. Actually, any
unknown boundary surface can be predicted from the
above developed solutions by defining the unknown
surface as n = 0 in advance.

3. Verification of the proposed method

In order to verify the applicability of Eqgs. (18) and
(22) and Egs. (19) and (23), we need the temperatures
measured on one or two lines inside the solid. In this
paper, the temperature calculated from a direct solution
is used as the measured temperature. As actual tem-
peratures measured always include some uncertainty, we
superimpose a random error with a normal distribution
on the exact value of the temperature as given by

01, 7) = Oexacr (&1, T)(1+ 0.5 x 107 e) (24)

where 0.y is the exact temperature calculated from a
corresponding direct solution, Ny is the number of sig-
nificant figures and ¢ is a random number generated with
a normal distribution (¢ = 1.0) and zero mean (m = 0).
Generally, for a temperature measurement with ther-
mocouples, Ny can be taken as 2 or 3 at most.

Because the boundary set 1 can be considered as a
special case of the boundary set 2 (the heat flux on the
boundary surface defined at n =1 in Fig. 2 is 0), the
solutions for the boundary set 2, Egs. (23) and (19), can
also be applied to the problems with the boundary set 1.
Therefore, the following two test cases with the first
boundary set can be used in both verifications of the
solutions for the boundary sets 1 and 2. The boundary
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conditions at # = 0 are prescribed, respectively, as Egs.
(25) and (26). The two test cases are tentatively em-
ployed, since the direct solutions for these cases are
derived relatively easier, that are given in Appendix C.

Testing case 1:

0=1for0<¢<05 and 0=0for0.5<¢<1.0
atn=0 (25)

Testing case 2:

d=1for0<¢é<05 and &=0for0.5<¢<1.0
atn=0 (26)

Fig. 3 shows the temperature distribution at #, =
0.02 for the testing case 2, after being superimposed a
random error. The temperatures are used to determine
the coefficients Dj“,() in Eq. (9). Fig. 4 shows the difference
in temperatures between those in Fig. 3 and reproduced
by Eq. (9) using the determined coefficients Dﬁlk)

It is found from Fig. 4 that the measured tempera-
tures are correctly approximated by Eq. (9), which may
be artificially superimposed as the random error. Fig. 5
shows the estimated surface heat flux obtained with Eq.
(23) for the testing case 2. The temperatures used in the
calculations are on two lines at #; = 0.02 and 7, = 0.05.
The numbers of the terms, N; and N used in Eq. (9) are
30 and 5, respectively. The order of significant figures Ny
is set at 3, which may be considered a fair level of noise
in temperature measurements with thermocouples.

Fig. 6 shows the estimated surface temperature ob-
tained with Eq. (18) for the testing case 1. Fig. 7 shows
the estimated surface heat flux obtained with Eq. (22)
for the testing case 2. The temperatures used in the

Fig. 3. Temperature distribution at 5, = 0.02 for the testing
case 2, after being superposed random error with a normal
distribution.
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Fig. 4. Temperature reproduced from Eq. (9) for the temper-
ature distribution in the Fig. 3.

N
SO
SSS

o>

SIS

SRS OIS SOSSOSN
S e

Fig. 5. Surface heat flux estimated with Eq. (23) for the testing
case 2 at 1, = 0.02 and 5, = 0.05.

calculation are on the line #; = 0.02. The numbers of N,
N and Ny are kept as the same as those used in the
previous calculation, that is, N; = 30, N = 5 and Ny = 3.

Fig. 5 shows that the surface heat flux estimated with
Eq. (23) approaches the given surface heat flux and
agrees with it within an error of a few percent after a
time corresponding to the Fourier number © = 0.02. For
the surface temperature estimated by Eq. (22), it is found
from Fig. 6 that the whole surface temperatures are well
predicted in an error less than 1%, although the esti-
mated surface temperature seems to be deviating slightly
from the given temperature near the discontinuity point
of ¢ =0.5. For the testing case 2, the inverse solution,
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e, -\

Fig. 6. Surface temperature estimated by Eq. (18) for the test-
ing case 1 at n; = 0.02 and 5, = 0.05.

Fig. 7. Surface heat flux estimated by Eq. (22) for the testing
case 2 at 7, = 0.02 and 5, = 0.05.

Eq. (19), predicts the surface temperature very well
within an error band of 1%, because no temperature
discontinuity point exists at the surface. However, the
existence of the discontinuity for the surface heat flux at
¢ = 0.5 makes estimation degrade obvious, and the es-
timated values present an error close 10% in the vicinity
of £ =0.5, as shown in Fig. 5. The overall prediction,
however, despite the existence of the discontinuity point,
is still considered to be satisfactorily accuracy.

To both the testing cases 1 and 2, the inverse solu-
tions of Egs. (19) and (23) are capable of predicting the
surface temperature and heat flux within an error bound
from 3% to 5%. In general, the prediction of the surface
temperature is better than that of the surface heat flux.
The main reason is related to the temperature distur-
bance imposed by Eq. (24): For the heat flux, the tem-
perature difference between the measuring points
becomes important and it makes level of significant
figure degrade, that is the imposed disturbance be am-
plified.

It is necessary to mention that for the testing case 1,
the temperature on the surface possesses a discontinuity
point at £ = 0.5 so that the surface heat flux obtained by
differentiating the temperature with respect to n does not
converge uniformly at ¢ = 0.5. Consequently, the pre-
dicted surface heat flux at £ = 0.5 is, of course, diver-
gent. Under such circumstances, only the temperature
estimation is possible from the inverse solution, which is
shown in Fig. 6. Although the surface temperature for
the testing case 2 predicted from Eq. (18) is slightly in-
ferior to that predicted from Eq. (19), it is much better
than the predicted surface heat flux shown in Fig. 7.

It can be concluded from a direct comparison of Figs.
5-7 that the inverse solutions obtained from two mea-
suring lines can estimate the surface temperature, as well
as the surface heat flux, with much higher accuracy than
that obtained from only one measuring line. Therefore,
we recommend Eq. (23), instead of Eq. (22), to be used
in the unknown surface heat flux predictions even under
the boundary set 1 condition.

4. Discussions
4.1. Influence of discontinuous point

As shown in Figs. 4 and 5, a degradation of predic-
tion accuracy is observed near the discontinuity point.
The reason is attributed to the employment of the
Fourier series in the temperature approximation given
by Eq. (9). In other words, the Gibbs phenomenon,
which is a characteristic phenomenon in the Fourier
series [13], becomes apparent near the discontinuity
point of ¢ = 0.5. But, for the location far from the dis-
continuity, the present inverse solution is still available.

4.2. Minimum predictable time

Egs. (16) and (22) and Egs. (19) and (23) give out the
surface temperature and heat flux explicitly. However,
based on study of one-dimensional IHCP [10], we expect
that for the Laplace operator, s, Eq. (11) could become
divergent. This characteristic takes place in any inverse
solution including numerical and analytical ones, that is
mathematically verified [6,7], since it takes a time for a
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sensor located at a position in solid to get a signal of the
temperature change. In the inverse Laplace transform,
there necessarily exists a minimum time, only after
which the inverse solutions become applicable. In other
words, only after the minimum time 7., the inverse
solutions developed near s = 0 become predictable. In
the present solutions, the minimum time is about
Tmin = 0.02, which can be observed from Figs. 5 and 6.

4.3. Influence of the number of eigenvalue N; and of N

The improvement of the temperature approximation
accuracy in Eq. (9) is considered to be the most impor-
tant and effective way to improve the accuracy of the
whole THCP estimation. Because Eq. (9) is formulated
using the Fourier series composed of eigenfunctions,
cos(jmé), we may expect to improve the temperature
approximation accuracy through increasing the number
of eigenvalues N;. However, higher order terms require
an increase in the number of measuring points, which
may cause inconvenience and difficulties in actual ex-
perimental processes. In addition, the higher order terms
in the Fourier series usually makes their values diverge
due to the uncertainties in the measured temperature,
although in the case of error-free values they theoreti-
cally converge and become less important in the whole
series. Therefore, the higher the number of eigenvalue N;
does not lead to a better solution when the measured
temperatures with an error are employed. The influence
of N; on the accuracy is dependent upon the error in the
measured data.

To check a possible influence of the number of
eigenvalues N;, we increased the number to 40. No ob-
vious improvement of the accuracy was observed. In the
future, the accuracy improvement due to the increase of
N; needs to be examined with concerning the accuracy of
the measured temperature.

As for the number of eigenvalue N;, Monde and
Mitsutake [10] recently reported that for the case of one-
dimensional IHCP, the number of N, which is the order
of the half polynomial series of time used in approxi-
mating temperature changes, has to range from 5 to 8§,
otherwise no improvement is expected.

4.4. Influence of the relative positions of the two temper-
ature measuring lines

To check the influence of the relative positions of the
two temperature measuring lines, we further set the
positions of the two measuring lines to

Combination 1: #; = 0.05 and 7, = 0.10;
Combination 2: #; = 0.02 and #, = 0.10.

With keeping N;, N and Ny the same as that used in
the estimation of Fig. 5, we can obtain the estimations

for the combinations 1 and 2. The results are shown,
respectively, in Figs. 8 and 9.

When compared to Fig. 5, which is derived under
n; = 0.02 and n, = 0.05, the increase of both distances
from the two measuring lines to the boundary surface
(combination 1) degrades estimation to an error level
around 10%, as shown in Fig. 8. Then keeping the sec-
ond measuring line in the same position (, = 0.10) and
shifting the first measuring line closer to the boundary
surface (1, = 0.02), the estimation is improved to an
error level around 5%, as shown in Fig. 9. Furthermore,

\\\
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Fig. 8. Surface heat flux estimated by Eq. (23) for the testing
case 2 at n; = 0.05 and #, = 0.10.

|

Fig. 9. Surface heat flux estimated by Eq. (23) for the testing
case 2 at n; = 0.02 and 7, = 0.10.
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when the first measuring line is kept at the same position
(n, = 0.02) and the second measuring line is distanced to
0.20, no obvious degradation is observed in the estima-
tion result.

Therefore, only the position of the first measuring
line is considered to be significantly relative to the esti-
mation accuracy. The first measuring line should be
positioned as near as possible to the unknown boundary
surface, to ensure all the disturbances occurring on the
unknown boundary surface can be sensed in time,
whereas the second measuring line can be located far
away from the unknown boundary surface. The position
of 1, is recommended to be smaller than 0.02, if possible.

4.5. Influence of the temperature measurement accuracy

To check the influence of the temperature-measuring
accuracy upon the prediction results, we set the number
of the significant figure Ny in Eq. (24) to 2, 3 and oo
(error-free). The corresponding results are shown in
Figs. 10, 5 and 11, respectively.

When Ny is 2, as shown in Fig. 10, the prediction
result is much poorer than that when Ny is set at 3. The
error in the estimation is about 20%. The IHCP solution
calculated from error-free temperature data, as shown in
Fig. 11, still possesses an error around 4%, which is al-
most the same as that calculated from Ny = 3. This in-
fluencing tendency tells us about the importance of the
accuracy of the measured data. In actual measurements,
although it is unavoidable that the measured tempera-
ture contains some uncertainty, an effort of employing
high precision instrument may lead directly to an im-
provement of predicting accuracy for the IHCP solution.
If the data of Ny = 3 are used, then the number of N is
30 enough which are too large in actual measurement.
Next target may be how to reduce from N =30 to a
suitable number of the measuring points, from which the
temperature profile can be approximated.

4.6. Discussion on the solutions for the two boundary sets

Boundary set 1 is a special case of the boundary set 2
and the solutions for the boundary set 2 can also be used
for the problems with the boundary set 1. But the so-
lutions for the boundary set 1 cannot be used for the
problems with the boundary set 2. The reason the
boundary set 1 is discussed is that the number of
the measuring points can be reduced by half, which in-
terests us very much in practical measurements. As the
measured temperature always includes error, the de-
crease in the measuring points may be helpful in
reducing number of the uncertainties, resulting into a
better estimation. Consequently, we may get the im-
pression that the solutions derived for the boundary set
1 gives more accurate estimation than that derived for
the boundary set 2. However, the verification shown in

il
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Fig. 10. Surface heat flux estimated by Eq. (23) for testing case
2 with Ny = 2 (17, = 0.02 and 5, = 0.05).

e \-)

Fig. 11. Surface heat flux estimated for testing case 2 by Eq.
(23) with error-free temperature data (1, = 0.02 and #, = 0.05).

Figs. 5 and 7 tells us a contrary result, that is, the inverse
solution of Eq. (22) for the boundary set 1 can be
available after a time of about 0.3, whereas Eq. (23) for
the boundary set 2 can be available after a time of 0.02.
Therefore, Eq. (23) has to be applied, instead of Eq.
(22), even for problems with the boundary set 1. The
reason Eq. (22) gives a worse estimation is that although
the boundary condition at # = 1, being the same role as
1,, is exactly true, the position is too far (farthest) away
from the interested surface.



2144 M. Monde et al. | International Journal of Heat and Mass Transfer 46 (2003) 2135-2148

5. Application to moving heat source

In order to check availability of the inverse solutions
of Egs. (19) and (23), one may apply them to a heat
source moving along the surface, which is often en-
countered in engineering field such as a quench of hot
surface and a conceptual emergency cooling in nuclear
reactor and is one of the severest boundary condition.
We consider another simple case of moving heat sources
along the surface, 1 = 0, which is expressed as

®d,=1 foré<r

27
d,=0 foré>r 27)

The direct solution for this boundary condition, which is
expressed in Appendix C [14] can give temperatures on
two lines of 7, = 0.02 and 1, = 0.05 where the measur-
ing points on each line are set at 26. Following the same
procedure, we can determine the coeflicients D form
these temperatures with the same random error g1ven by
Eq. (24) and then calculate the needed coefficients in Eq.
(23). In the present calculation, the orders of N; and N in
Eq. (23) are set at 26 and 5, respectively, and the order of
significant figures is set at Ny = 3.

Fig. 12 shows the calculated result for the moving
heat source and makes it clear that the surface heat flux
for the heat source moving along the surface can be
predicted well within the range from 7 = 0.02 to 1.126
without discontinuity point around which the accuracy
is degraded up to an error near 10%. It is necessary to
mention that the surface temperatures are well predicted
inside an error band of 1% over the whole range, since
the surface temperature continuously changes. Inciden-
tally, in order to get such a good estimation, we notice
that the measured temperatures should be also approx-

Ow [-]
12
1
0.8
0.6
04

0.2

Fig. 12. Surface heat flux calculated from Eq. (23) for moving
heat source using time partition method.

imated at a high accuracy of 0.1% by Eq. (9). However,
for the case of the moving heat source that the measured
temperature in the solid radically changes with time,
especially at a point at which the moving heat source
reaches, Eq. (9) fails in approximating the temperatures
measured over the whole range of the measured time. As
the result, it is found that the inverse solutions also
failed high accurate prediction for both surface tem-
perature and heat flux. Therefore, we introduce a new
method in which the whole time range is divided into
some subdivisions of the time and by which the mea-
sured temperature can be approximated well for each
subdivision using Eq. (9). Finally, the result shown in
Fig. 12 can be obtained by dividing the whole time range
into eight subdivisions.

6. Conclusion

With using the Laplace transform technique, we
achieved inverse solutions for two-dimensional IHCP
for two simple boundary sets, the results are summarized
as the following:

1. Except in the vicinity of discontinuity point, surface
temperature and heat flux can be predicted well over
the whole surface with an error less than a few per-
cent.

2. The minimum predictive time for the proposed IHCP
solution is about 7, = 0.02.

3. The position of the first measuring line #, in the solid
is recommended to be as near as possible to the inter-
ested unknown boundary surface and not to be far-
ther than 0.02.

4. Eq. (23), instead of Eq. (22), is recommended for es-
timating surface heat flux even for the boundary set 1
condition.

5. In order to predict the surface temperature and heat
flux from the proposed THCP solution successfully,
a high precision instrument that can ensure measured
temperature at uncertainty level less than 0.1%,
namely Ny = 3 at least, is recommended.

Appendix A. Procedures for determining D,('2 in Eq. (9)
The determination to D" i+ is the base for obtaining
the inverse solution. We explam two procedures to cal-

culate the coefficients.

Procedure 1. To a concrete measuring point (¢ = &;) on
1,» EQ. (9) can be rewritten to

=Z Zcos m;&;)

k=0 | j=0

(n)
D/k *)k/z

f(ﬁhnm k/2+ ) (’C*‘L’n
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If we define P/(',? =37 cos(m;&)D! /k, the above equa-
tion is then rewritten to

e P ('Z k/2
/> —

6[7”)‘17 Zrk/2+ )(T T)
When temperature change along time at a concrete
measuring point (¢ =¢&;) is known, coefficients Pj(;?
(k=0,1,2,...,N;) can be calculated from the mean
least squares method. Repeat the process to all the
measuring (pornts (totally N; points) on the line #,, co-
efﬁc1entsP =1,2,. N and £k =0,1,2,...,N;) are

obtained and then under a constant £k, calculate Dj("

(j=1,2,...,N;). Repeat the process to all the possible
values of k (k 0,1,...,Ny), and then the coefficients
D]"k (G=12,...,N; and k=0,1,...,N;) can be deter-

mined. The D/") determmanon procedure tells us obvi-
ously that the degree of eigenvalue is restricted by the
number of the measuring points.

Procedure 2. Another way is to consider an element of
0;4(&,7) = cos(m;¢)(t — ©2)*? /T (k/2 + 1). The value of
any element is known for the measured values of ¢ and 7.

flemn=> ZDE{QQ,-_k(é T

A set of linear equation for D" '« can be obtained for each
point of (&;,7,). These sets can be solved directly to
satisfy the requirement of the mean least square by ap-
plying the modified Gram—Schmidt method, which was
opened in Fortran 77 textbook.

Appendix B

The Laplace-transformed surface temperature and
heat flux can be written in a form of § = f(s)K (s), where
f(s) and K (s) are temperature approximate function and
kernel function (see Table 1), respectively. To get the
solution of IHCP (surface heat flux and temperature),
the inverse Laplace transform, which is written in the
following equation, is performed to 6:

0(t) = L /6+loo e 0(s)ds

2mi c—ioo

In this research, the above complex integral is carried
out after the kernel function K(s) is extended around

s = 0. The surface temperature and heat flux then can be
expressed in form of K(s).

In spite of coordinate s ?Istems kernels of K, ;(s) and
K ;(s) for the set 1 and K\ (s) and K\’ ()(l—l 2) for
the set 2 expanded in a ser1es around s =0 are always
written in a common form:

&)(s) = Cof!) Zc

and

K\(s ia’[s", 1,2

n=0

The coefficients c“i- and d,ﬁ’} are also written in similar

form as
FUBLI S W)
n] 2o ;xu hnfi.j
and

dél]) Zy n—ijy :172

where #;; is calculated from the following listed equa-

tions. The calculatlon to the employed item g;; and co-

efficients x,“j), Vi j are listed in Table 2.

hoy = 1

= — 81

hy= —g,;+ gl.j

hyj= — g +281,87 -8,

haj = —ga;+ (281,83, +85,) —

hsj = —gs;+2(81,84; + 82,83,)
+ 4gl.,~gz.\f - gf,j

=
<
|

3¢7,22 + &1,
- S(gi,‘glj + gl,_,-gﬁ_,-)

With rearrangement, 0,,(s) and ¢, (s) are derived as:

(1) For the boundary set 1,

N; N
_ cos(m;&)
AT ]k J
0,(s) =e™M E A E Coy jcyys"
k=0

j:

N
=e Y DGl cos(myé)

Table 1
Surface temperature Surface heat flux
Boundary set 1 6= fi(s)Ki(s) B =50, iy (5)Kay )
Boundary set 2 0=y {AGK6) - AWK )] &= 5 { @KL ) — s 0)KL) (5)}
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_ NN D<1 co
D,(s) =e™ Z Z s(k/2+1) ZCOZJ s
Jj=0 k=0 n=0
Ni N
=e Z Z H(L)s” cos(m;¢)
=0 h—
where
Ni
1 1
GEEI = ZD_E‘,;HIEJ',HH I=-1, Ne= Int{(N - ])/2}
=0
Ny
1 1
G => "D By, 0<IKN, Np=Int{(N —1)/2}
=0
Nk
1 1
Y =Y D F, 1=—1, Ne=Int{(N - 1)/2}
=0
Table 2

Kernel K(s) and its coefficients
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Ni
)= DY Fu, 0<ISN, Ny =Int{(N —1)/2}
k=0

HY

Js

and G/(:lz) and H]“) are coefficients of Eqgs. (18) and (22),
respectively, and E;; = Co, jcx; and F;; = Coy jdy;

(2) For the boundary set 2,

] _efsrjzz /

2)
NN p@ cos(m

k ) cos (m;<) 2),@) ¢
72 ZCOU Cuj$

n=l

_ 751 ZZ Tk PN k/2+1 ZC e f:/)n
N )
— e ZO kzl s(k/2+1 cos(m;¢)
=0 k=
)
_ 751, ZO l;: (k/2+l) Ccos mjf)
P —

Surface temperature (K ;(s))

Surface heat flux (K5 (s))

(1) For the boundary set 1 th{ ooy 1} o) _
Kernel K(S) ( ’l)’ L% sinh { (S+m, )Z}
cosh { (s+m$) (%) } cosh { (:+mz) (ﬂ) }
m; =0 (j=0) Coefficients of K(s) af- Xpo = (zln)z (%)2” oo = 0, o = 2n . ( )Zn 1 (n>1)
ter expansion
Coefficients Co, Cojg=1 Coso = %
Common item Zu0 = 1) (1 Lm)z
m; >0 (>0) Coefficients of K(s) af- X, w 1
! . cosh ("‘/L) yOL/ = 1,
ter expansion S ke e 1)
y“/ e I”I};le;]h( /L) (n Z 1)
m m in m 1
Coefficients Co; Coy, = cosh ( /L) Coypy = 1™ h( /L)

Common item

Surface temperature (Kl(’/) (s))

b o ()

(1 '11) 2(k—n)

I
ke=n (26! J
cosh {m/

&

8nj =

Surface heat flux (

K(9)

(2) For the boundary set 2

sinh{ (s+m2)%

n

}

(=)
J
L

L

cosh{ (stm? )T’}

Kernel K(s)
sinh (5+m/ ) ( G| ) } sinh { (‘+m/2)(”2%) }
. . 1 241 ! 2
m;=0(j=0) Coefﬁment.s of K(s) af- x,s()] = (anﬂ)l ()™ = 3 (1)
ter expansion
Coeflicients Co; Col) =1 CO%
Common item gno = (ZnL)! (nzz»n)lnﬂ
KCn (2K (k) +1 £Cn (1 \ K 2(k—m)
m; >0 (j > 0) Coefficients of K(s) af- x,(,g = % yyj) - H(:‘:S)L&L ,7_,)’"’
ter expansion ( )/ ’ h(L )
. ([) _ sin m,L ([) l m;j Cos| T
Coefficients Co; Coyj = —rminy T () €03 = L5 T (BT ()T
C i _ k:"(zﬁii)‘(@)zw”‘f(H)“
ommon 1tem 8nj = sinh {m/(@)}
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1)
NN pWeos (m;€)

e Z(; ; = s(k/2+1) ZC ZJd(Z) "
=0 k=

NN Dik)cosmf

*ST 1) n
—c Tk ZCO
Jj=0 k=0
N; N (1 2)
e Z Z S(k/2+l) cos(m;¢)
=0 k=1
N 2 1)
e ZO kzl - k/2+1) cos(m;¢)
gl —

where

k
@?—Eﬁﬁméﬁnl=47M=mmeWﬂ

Nk
Gl =S DY EN, 0SISN, Ne=Int{(N —1)/2}
k=0

(lm
Dj 2k+1 ]k+l’

I=—1, N, =Int{(N — 1)/2}

Ni
Im (1) m
H},z ) — D (HFJ(;C , O0KILKN, Ny =Int{(N —1)/2}
k=0

and G“ " and H (m)are coefficients of Eqs (19) and
(23) respectlvely, and E(m) Co(l'")ck 7 and F; Z’ =
Col"d(".

Appendix C. Direct solutions for three different boundary
conditions

The direct solutions can be expressed as

(1) For the testing case 1,

Hexacl(fv '17 [)

2 sin(jn/2) cos(jn&) cosh{(1 — n) jn/L}
N Z j cosh(jn/L)

=
2 S o, sin(yn/2) cos(jmé)
R

2 (2 + 1) sin{ (2k + Dnm/2y e (52600747)
{L2(2k + 1)’ /4 + j2}

2 zm: sinf (2k + 1)ym/2} e~ (k1 /)
T (2k+1)

l\)l'—‘

k=0

(2) For the testing case 2,

1 /1 1
Hexaclzz (2'(1_ ) +t—§)

1 &N L2 cos(kmy) e~ Hm’s
2 k?

2L & 2 cos{(2n + 1)m&}
M= 3k e ra

cosh{(2n+ 1)n (1 —n)/L}
sinh{(2n + 1)n/L}

2 peos{ @+ Drge G
TCZ n=0 (2}1-‘1‘1)2

417 & & .
T 2 2D

 cos{(2n + 1)m} cos(knme (1" (L
{(2n+ 1) + (LK)} (2n+ 1)

(3) For the moving heat source [14],

0(&7 n, T) = 01 (61 n, T) + 02(67 n, T) + 03(67 n, T)

+94(f7’17‘5)
where
2
0i1(&n,7) = ClqobE
- cos(jmé) .
N, T Ciq 27 nsin(jnbt) —
02(&n, 7 Z: 190L +(] b) (J (jmbr)

x cos(jnbt) + be V™ T)

- cos(kmn) 1
0 =) 2Ciqob -
3(&,1,7) ; 190 (kn)2 (T (Lkn)2

1 2
+ e—(Lkn) T
(Lkn)*

N e cos(jné) cos(kmn)
57777 1:21 ;4C1q0 )2 + (LkTE)z)z + (jnb)z

X <M sin(jnbt)

— bcos(jnbr)
Jm

n be[(/‘n)er(Lkﬂ)z]r)

and b = (uoL,)/a, Ci1 = L,/(AT;), respectively. For this
moving heat source, heat flux, go and non-dimensional
parameter, b are set at go = 1 and b = 1. The problem
with time and space variable heat flux over a boundary
is treated with by Beck et al. [14].
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